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Molecular dynamics simulations were carried out on a series of Lennard-Jones binary mixtures of rigid,
asymmetric, dumbbell-shaped molecules. Below an onset temperature, the rotational and translational dynamics
split into the slow structural α relaxation and a higher-frequency Johari-Goldstein β relaxation. Both processes
are dynamically heterogeneous, having broad distributions of relaxation times. However, only the α relaxation
shows strong dynamic correlations; correlations at the β time scale are weak, in particular for molecules having
shorter bonds. Despite the close connection between the two processes, we find no correlation between the α
and β relaxation times of individual molecules; that is, a molecule exhibiting slow β motion does not necessarily
undergo slow α dynamics and likewise for fast molecules. However, the single-molecule α relaxation times do
correlate with both the α and β relaxation strengths.
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I. INTRODUCTION

The dynamics of glass-forming liquids is complex, with
correlated motions taking place over various time scales that
can differ by many orders of magnitude. In addition to the
primary α relaxation, associated with structural relaxation
and the glass transition, supercooled liquids and glasses show
faster secondary motions. Unique among these is the JohariGoldstein (JG) β relaxation, ubiquitous in glass-forming
materials including molecular liquids and polymers [1,2], ionic
liquids [3], metallic glasses [4,5], and plastic crystals [6]. The
JG relaxation involves all atoms in the molecule (or polymer
repeat unit) and appears even in liquids of completely rigid
molecules. Unlike intramolecular secondary relaxations, the
JG process is intimately related to structural relaxation and the
glass transition: Several well-documented correlations exist
between the two modes of motion [7], and at high temperatures
the JG and α relaxations evolve into a single process.
Based on these relationships, a series of criteria have been
proposed to distinguish the genuine JG process from secondary
processes of intramolecular origin [8,9]. In the glassy state
the suppression of structural relaxation usually leaves the JG
process as the dominant mode of motion, whereby it may
affect properties such as the mechanical response of polymers
[10,11] and the stability of biomolecules [12] and amorphous
pharmaceuticals [13,14]. Several decades after its discovery,
the molecular motions underlying the JG process and the
latter’s coupling to the α relaxation remain unclear.
Except at very high temperatures, the α process in liquids
is non-Arrhenius and nonexponential. It has been well established experimentally [15] and by molecular dynamics simulations [16] that this behavior stems from dynamic heterogeneity,
i.e., the coexistence of molecules with substantially different
relaxation times. This heterogeneity is spatially correlated,
being organized into fast and slow regions with a characteristic
size that increases on cooling or compressing, concomitant
with a dramatic slowing down of the α relaxation [17–19].
Connections can be made between dynamic heterogeneity and
cooperativity of the α process; the latter refers to the fact
that relaxation of a molecule requires rearrangement of other
molecules.
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Dynamic heterogeneity, dynamic correlations, and intermolecular cooperativity are inherent to the many-body
interactions governing molecular motions in dense, viscous
liquids, but notwithstanding their putative interrelations, the
underlying concepts are not the same. Dynamic heterogeneity
refers to the coexistence of molecules or regions with different
relaxation times, but this dispersity does not imply anything
about the spatial arrangement, or lack thereof, of molecules
with similar mobilities [20]. The latter is described by dynamic
correlations, i.e., spatial correlations among molecules with
similar mobilities to form clusters. Dynamic correlations are
usually quantified using the four-point susceptibility χ4 or
associated quantities [19]. Dynamic heterogeneity and correlations usually arise from cooperativity, molecular motions
exerting reciprocal influences. However, this is not necessarily
the case. For example, one can imagine a local noncooperative
relaxation which shows dynamic heterogeneity and dynamic
correlations-—faster and slower regions over a given length
scale—due to inhomogeneity unrelated to the relaxation
process, such as spatial fluctuations in the molecular packing
or local composition of a blend. Conversely, a process such as
the relaxation of the end-to-end vector in long polymer chains
is cooperative (except in dilute solution, chains cannot relax
independently of one another due to physical entanglements),
but it can be dynamically homogeneous due to averaging
over the chain end-to-end length scale. In the case of the α
relaxation, the length scale of dynamic correlations has been
invoked as a measure of a cooperativity length, or at least
its upper bound [18]. However, there are reasons to question
such a direct relationship between the two quantities [21], with
cooperativity more accurately described as stringlike simultaneous rearrangements [22], particles undergoing simultaneous
correlated hops [23], or from point-to-set correlation lengths
[24,25].
It is well established that the Johari-Goldstein β process
is dynamically heterogeneous [26]. But does it also exhibit
dynamic correlations and cooperativity? Dynamic correlations
at the β time scale and in the region of the α-β crossover
need more study, and the degree of cooperativity involved
in the JG relaxation remains an open question. In Johari’s
“islands of mobility” interpretation, the JG process is due to
Published by the American Physical Society
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noncooperative, small-amplitude rearrangements of molecules
located in loosely packed regions [27]. However, Johari and
Goldstein in their original papers describing the process
ascribed it to rearrangements of “at least one, but probably
several molecules” [1], which admits the possibility of cooperativity. The high activation energy and activation entropy
of the JG process in the glassy state have been interpreted
as indicative of some degree of cooperativity [28,29]; to
distinguish this type of cooperativity from that exhibited by the
α process, the former has been termed “locally coordinative”
[30]. By similar arguments, it has been concluded that the
range of barrier heights for the JG relaxation overlaps, but
may be somewhat lower than, those for the α relaxation
[31]. Random first-order theory [32] ascribes the JG process
to rearrangements of stringlike clusters of molecules. Some
degree of intermolecular cooperativity is implied indirectly
by NMR measurements of binary mixtures [33] and organic
phosphate glasses [34], and also can be inferred from the effect
of immobilized particles on the high-frequency mechanical
response of a simulated Lennard-Jones system [35].
In this work we use molecular dynamics simulations
to investigate dynamic heterogeneity of the β process, to
determine its relation to heterogeneity of the α relaxation
and whether the former is also associated with dynamic
correlations. We simulate a family of rigid, asymmetric,
dumbell-shaped molecules studied previously [9,36]; these
comprise one of the simplest molecular models that captures
the characteristics observed experimentally for the JG process.
The simulated system shows β dynamics that by its definition
of involving all parts of the molecule is a JG relaxation.
This process shows many of the correlations experimentally
observed: merging with the α process at high temperatures,
a change in behavior when traversing the glass transition
temperature Tg , temporal separation from the α relaxation that
correlates with the breadth of the α dispersion, and sensitivity
to both pressure and physical aging. These characteristics
suggest that this process has the same physical origin as the
JG relaxation in real materials, so that conclusions drawn from
our simulations can be extended to the latter.

50% smaller than A and C, respectively. Therefore, σ AA = 1,
σ CC = 0.88, σ BB = 0.5, and σ DD = 0.44. For the particle
interactions we take σij = Sij (σ ii +σ jj ), where Sij = 0.5
(additive interaction) when the particles belong to the same
type of molecule (i, j = AB, CD), and Sij = 0.4255 when the
particles belong to different types, the latter chosen to give the
KA value for σ AC = 0.8. All atoms have a mass of m = 1.
The bond lengths A-B and C-D were fixed using rigid-body
dynamics [40]. All quantities are expressed in dimensionless
Lennard-Jones units: length σ AA , temperature εAA /kB , and
2
time (mσAA
/εAA )1/2 . Unless specified otherwise, we calculate
the rotational and translational dynamics of the AB molecules
(the behavior of the CD molecules is qualitatively the same).
A family of liquids with bond lengths d = 0.45, 0.5,
and 0.6 were simulated. Simulations were carried out in an
NVT ensemble. Densities were chosen to maintain a constant
packing fraction of approximately 0.63; this results in a
similar pressure range (0 < P < 10) for all molecules
studied. The densities were ρ = 1.3, 1.25, and 1.175, for
the respective bond lengths above. Simulations at constant
pressure give qualitatively identical results [36]. The time step
was t = 0.005. Data were collected at each temperature after
an equilibration run several times longer than the structural
relaxation time. At low temperatures structural relaxation is
extremely slow, whereby the translational and orientational
correlation functions do not decay to zero over the duration of
the simulation; i.e., the system is out of equilibrium. For these
conditions we increased the equilibration time, until neither
significant drift in the volume nor aging of the translational
and rotational correlation functions was observed; the residual
motion of the molecules at these temperatures takes place
within a nonequilibrium, but essentially static structure.
The glass transition occurs in the simulations when the α
relaxation time is much longer than the total (equilibration
and production) simulation time at a given temperature, which
is about tmax 106 . This is about seven orders of magnitude
slower than the vibrational relaxation times, which for a real
liquid corresponds to time scales in the 10−5 s range, much
shorter than the 100 s for the usual experimental glass
transition.

II. METHODS

Simulations were carried out using the HOOMD simulation
package [37,38]. The systems studied are binary mixtures
(4000:1000, labeled AB and CD) of rigid, asymmetric,
diatomic molecules. Atoms belonging to different molecules
interact through the Lennard-Jones potential,
 12  6 
σij
σij
,
(1)
Uij (r) = 4εij
−
r
r
where r is the distance between particles, and i and j refer
to the particle types A, B, C, and D. The energy and length
parameters εij and σij are based on the Kob-Andersen (KA)
liquid, a binary mixture not prone to crystallization [39]. The
procedure was as follows (noting that alternative choices of
εij and σ ij give qualitatively similar results): The energy
parameters εij are those of the KA liquid; i.e., εAA = εAB =
εBB = 1.0, εCC = εCD = εDD = 0.5, and εAC = εAD = εBC =
εBD = 1.5. To set σ ij we use the original KA parameters for
the larger A and C particles, while the B and D particles are

III. RESULTS AND DISCUSSION
A. Dynamic correlations

The dynamics of these same diatomic molecules has been
discussed previously in Refs. [9,36]. From the instantaneous
value of the self-intermediate scattering function,
fs (q,t) =

N
1 
exp{iq · [rj (t) − rj (0)]},
N j =1

(2)

where rj (t) is the position of the center of mass of the j th
molecule, we calculate the average value Fs (k,t) = fs (k,t),
used to study the translational dynamics of the molecules, and
the four-point susceptibility,

(3)
χ4 (q,t) = N fs2 (q,t) − fs (q,t)2  ,
which describes dynamic correlations. We take q = qmax , the
position of the first maximum in the center-of-mass radial
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FIG. 1. (Color online) (a) Center-of-mass self-intermediate scattering function and (b) associated four-point susceptibility (upper
panel) for the molecule with bond length d = 0.5, at the temperatures
shown.

distribution function. The absolute values of the four-point
susceptibility depend on the thermodynamic ensemble (NVT
herein); however, the shape of the function is similar for
different ensembles, describing essentially the same physics
[41].
The self-intermediate scattering function is shown in the
lower panels of Figs. 1 and 2 for molecules with bond
lengths d = 0.5 and 0.6. Translational dynamics shows
very similar behavior to the rotational dynamics discussed
in Refs. [9,36]. At short times there is a small decrease of
Fs (q,t) corresponding to oscillations within the cage formed
by neighboring particles, at a temperature-independent time
scale τvib ∼ 0.1. At high temperatures Fs then decays to zero
via a single step. Below an onset temperature Ton the relaxation
occurs in two steps: a shorter time β and a longer time α
process. The latter appears as a long-time tail, which grows
in strength with decreasing temperature at the expense of
the β intensity. At even lower temperatures, the α relaxation
time is much larger than the simulation time; the system is
in a nonequilibrium glassy state. Nevertheless, Fs relaxes
significantly; the magnitude of the nonzero plateau value
increases with decreasing temperature.
The four-point susceptibility χ4 (t) is shown in the upper
panels of Figs. 1 and 2. The general behavior of χ4 is similar
to that for other atomic and molecular glass-forming liquids.
There is a single maximum, Nc = max χ4 (t), quantifying the
number of dynamically correlated molecules. This Nc and
the time scale of the maximum, τ4 , are plotted in Fig. 3 as a
function of temperature for a series of molecules with different
bond lengths. At high temperatures τ4 is close to τβ , which
corresponds to the structural relaxation time τα , as Nc has
a value close to unity. At the onset temperature, where the
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FIG. 2. (Color online) (a) Center-of-mass self-intermediate scattering function and (b) associated four-point susceptibility for the
molecule with bond length d = 0.6, at the temperatures shown.

FIG. 3. (Color online) (a) Number of dynamically correlated
molecules Nc , determined as the maximum value of χ4 (t), as a
function of temperature for molecules with bond length 0.45, 0.5,
and 0.6. Filled symbols represent the α relaxation and open symbols
the β process. (Note that above the onset temperature there is only
one relaxation that is continuous with τβ .) (b) Corresponding times
τ4 (points), α relaxation times (solid lines), and β relaxation times
(dashes above Tg , dots below Tg ). Inset in upper panel: Nc as a
function of log τβ in the glassy state.
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translational and rotational relaxation functions both split into
distinct α and β processes, Nc for the α relaxation begins to
increase with decreasing temperature, and τ4 approaches τα
as the α intensity increases at the expense of the β relaxation
strength.
At relatively low temperatures for which the two processes
are clearly separated, there is only a weak shoulder in χ4 at
the time scale of the β process. This means that unlike the α
process, the β dynamics is only weakly spatially correlated.
In the glassy state, where the α process time scale is much
longer than the simulation time, χ4 has no clear maximum but
only a shoulder around τβ with maximum values of Nc on the
order of unity and decreasing slightly on cooling. (The values
of Nc less than unity in Fig. 3 are artifacts from omission of a
proportionality constant in its relation to max χ4 (t) [42].)
There is a systematic effect of molecular shape on the
behavior of Nc . With increasing bond length, the primary
relaxation becomes less correlated; i.e., Nc is smaller for a
given state point or value of τα . Conversely, the weak dynamic
correlations at the β process time scale become larger for a
given τβ with increasing bond length (inset of Fig. 3), both in
the liquid and glassy states, consistent with the increase in β
activation energy.

FIG. 4. (Color online) Single-molecule orientational correlation
functions of six representative molecules for the liquid with d = 0.5,
at T = 0.5 as defined in Eq. (4). Solid lines are fits to Eq. (6); dashed
line is the ensemble average dynamics.

two exponentials,
C1(i) (t)

B. Relationship between α and β heterogeneity

We now investigate the relationship between heterogeneity
of the α and β processes. We ask, for example, whether
molecules with a fast α process also have a fast β process.
This requires a way to distinguish fast and slow molecules.
To do this we define a single-molecule rotational correlation
function, in an analogous way to those calculated from
experimental data on single-molecule relaxation [43]. To
capture dynamic heterogeneity, we average only over a finite
time interval [0, tave ]:
C1(i) (t; tave ) = cos θ (i) (t0 ) cos θ (i) (t0 + t)t0 ∈[0,tave ] .

(4)

The value of tave requires some consideration. If must
be long enough to yield an adequate signal-to-noise ratio,
but short compared to the lifetime of the heterogeneity or
to the time scale τhet over which mobility exchange takes
place and dynamic heterogeneity dissipates. When τave  τhet ,
ergodicity of the system implies that the single-molecule C1(i)
will become equal to the average correlation function for the
ensemble,
C1 (t) =

N
1  (j )
C (t).
N j =1 1

(5)

Unfortunately, it is not always possible to find a suitable
averaging time scale; however, for sufficiently wide separation
of the relaxation times, τα  τβ , we found that tave = τα /2
gives good results. In the following we present data only for the
molecule with d = 0.5 at the lowest temperature in the liquid
state (T = 0.5), where the separation of the two processes was
largest. Representative single-molecule correlation functions
are shown in Fig. 4. To extract single-molecule relaxation times
and strengths, we fit the portion of the C1(i) curves from t = 1
(longer than vibrational time scale) to t = tave with the sum of

=

Cα(i)





t
t
(i)
exp − (i) + Cβ exp − (i) .
τα
τβ

(6)

This is not intended to provide an accurate description of
the single-molecule correlation function; Eq. (6) is employed
to obtain an estimate of the relaxation times and relative
intensities for the two processes. The noise in the data does
not allow any firm conclusion about whether the individual
relaxation functions are exponential, although the data are
compatible with that assumption. From the fits we obtain
single-molecule values of the relaxation times and intensities
for every molecule.
We find broad distributions of τα and τβ , indicating strong
dynamic heterogeneity at the time scales of both processes.
The dynamics also exhibits heterogeneity in a different way:
The distributions of the intensities of the two processes
are also broad. We can look for correlations between these
distributions. The distributions Gα (τα ) and Gβ (τβ ) of the
two relaxation times and the correlation between them are
shown in Fig. 5 in the format used by Böhmer et al. in
Ref. [44]. No correlation is found; the two relaxation times are
independent. On the other hand, the relaxation strengths of the
two processes are well correlated. Since the relaxation function
is normalized from 0 to 1, the latter correlation is trivial, and
(i)
=
follows from the fact that the vibrational amplitude Cvib
(i)
(i)
1 − Cβ − Cα is small and does not vary much among
molecules. We also examine the correlation between relaxation
strength and relaxation time for each process (Fig. 6). These are
moderately correlated (R = 0.63) for the α process: Molecules
with a more intense α process also tend to have longer τα .
For the JG process, the β relaxation strengths and τβ are
uncorrelated, as found previously for the glassy state [36].
We can visualize these correlations in a different way by
defining dynamically distinguishable subsets of molecules
and observing the dynamics of those subsets at various
time scales. We define four subsets, labeled slow-α, fast-α,
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FIG. 5. (Color online) (a) Correlation of single-molecule relaxation times τβ vs τα and (b) relaxation strengths Cβ vs Cα for the liquid
with d = 0.5 at T = 0.5. Also shown are the respective distributions of relaxation times and strengths.

slow-β, and fast-β, as the 5% of AB molecules having the longest and shortest τα and τβ , respectively. In
Fig. 7 we show the imaginary part χ  of the dynamic
susceptibility,
∞

χ (ω) = χ  (ω) + iχ  (ω) = 1 + iω

dteiωt Fs (q,t),

(7)

0

as a function of frequency (for an averaging time of 2.5 × 105 )
for the four subsets. Also displayed is the average dynamics
for all molecules. The slow-α subset has significantly stronger
α and weaker β, which shows the coupling between τα and
the relaxation strengths; however, the β relaxation time and
shape are the same as for the average dynamics. As expected,
the α relaxation of the slow-α and fast-α subsets is also
narrower than the ensemble average α process (stretching
exponents = 0.86, 1, and 0.73 for the slow-α, fast-α, and
ensemble average, respectively). On the other hand, slow-β
and fast-β molecules have the same α relaxation strength and
α relaxation time as the average value, indicating decoupling
of the β relaxation dynamics of individual molecules from the
mean α relaxation behavior.
(a)

The presence of strong heterogeneity but only very weak
dynamic correlations at the β time scale means there can be
no well-defined regions with fast- or slow-β dynamics. Rather,
the relaxation time is randomly distributed spatially, with no
characteristic length scale. Since the α process is strongly
dynamically correlated, this implies a lack of correlation
between the α and β distributions of relaxation times, as indeed
is found. This is because if there were a strong correlation
between these distributions, then any dynamic correlations
and spatially resolved regions with distinct dynamics would
be similar at the two time scales. Note that an analogous
disconnect between fast, local motion and slow, cooperative
dynamics is observed in colloidal suspensions [45]. Ion
conduction exhibits similar behavior: At short times there
are fast and slow diffusing species, with dynamic exchange
occurring at longer times [46].
It is surprising that despite the plethora of correlations
between the average α and β relaxation times, the singlemolecule τα and τβ for a given state point do not correlate.
For example, the widths of the two relaxation peaks, related
to the breadth of the distributions of relaxation times, are not
correlated for different materials, as seen in the data collected
(b)

FIG. 6. (Color online) Correlation of single-molecule relaxation intensity and relaxation time for the (a) α and (b) β processes. Also shown
are the respective distributions of relaxation times and strengths.
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FIG. 8. (Color online) Imaginary part of the first-order rotational
susceptibility as a function of frequency, for the molecule with d =
0.5 at T = 0.5 for the 10% of molecules having the smallest value
of rotational correlation function at a time scale tfilt 0.1τβ (points)
and for all molecules (dashed line). Solid lines are fits to a sum of
a Cole-Cole term for the β process and the Fourier transform of a
stretched exponential term for the α process.
FIG. 7. (Color online) First-order rotational susceptibility as a
function of frequency, for the molecule with d = 0.5 at T = 0.5
for the sets of 5% molecules with (a) fastest and slowest α process
and (b) fastest and slowest β process. Dashed lines are the average
system dynamics. Solid lines are fits to a sum of a Cole-Cole term
for the β process and the Fourier transform of a stretched exponential
term for the α process.

in Ref. [47]. Also among different materials, the breadth of
the distribution of α relaxation times exhibits no correlation to
dynamic heterogeneity [48].
Experimentally it is challenging to determine directly
whether there is a correlation between the two distributions.
Böhmer and co-workers, using a nuclear magnetic resonance
(NMR) method simultaneously sensitive to dynamics at both
time scales, found evidence consistent with a correlation of the
two distributions [44,49,50]. At first this seems incompatible
with the present simulation results. However, we also find
heterogeneity in the relative strengths of the α and β processes,
which was not considered in the interpretation of the NMR
measurements. However, it is important to note that there
is a correlation of the strengths with the α relaxation time:
molecules with a stronger β and weaker α process have a faster
α process. NMR is not able to probe directly the correlations of
τα and τβ . Instead, essentially a subset of molecules is selected
that is able to relax significantly at a time scale tfilt comparable
to but smaller than τβ . These molecules are interpreted as
a subset with a faster β process, and the dynamics of this
subset, followed at longer times, is found to have a shorter τα .
We carried out an analogous procedure using the simulation
data: Figure 8 shows the dynamics of a subset of molecules
(j )
corresponding to the 10% with the smallest value of c1 (tfilt ),
for τfilt 0.1τβ . These indeed have a faster β process, although
they also have stronger β and weaker α intensities. This
effect on the relaxation strengths is what leads, based on the
correlations of Figs. 5 and 6, to a shorter τα , notwithstanding

the lack of correlation between the distributions of τα and τβ
per se.
C. Lifetime of heterogeneity

From the dynamics of the subsets described previously
(slow-α, fast-α, slow-β, and fast-β), we can determine the time
scale over which the heterogeneity of the α and β processes
dissipates. Increasing the averaging time, the dynamics of all

FIG. 9. (Color online) Averaging time dependence of the α and
β (a) relaxation times and (b) relaxation strengths for the sets of 10%
molecules with fastest (open symbols) and slowest (filled symbols)
α process. Also shown are τα (vertical dashed line) and τhet (vertical
solid line).
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literature, generally τhet 3τα with no significant temperature
dependence [15], consistent with our result.
IV. SUMMARY

FIG. 10. (Color online) Averaging time dependence of the α and
β (a) relaxation times and (b) relaxation strengths for the sets of 5%
molecules with fastest (open symbols) and slowest (filled symbols)
β process. Also shown are τα (vertical dashed line) and τhet (vertical
solid line).

four subsets gradually revert to the average dynamics, since
the system is ergodic. Fitting the relaxation functions with
the sum of a time-domain Cole-Cole function and a stretched
exponential for the respective β and α processes, we obtain
the relaxation times and intensities as a function of averaging
times shown in Figs. 9 and 10. With increasing averaging time,
as the heterogeneity of the α relaxation dissipates (slow-α
and fast-α subsets), the relaxation strengths and τα approach
their average values. For the heterogeneity of the β process
(slow-β and fast-β subsets), we follow τβ as a function
of averaging time. We define the lifetime of heterogeneity
τhet as the averaging time at which the relaxation strengths
recover 1/e of the difference between the initial (unaveraged)
and final (ensemble averaged) value. A single heterogeneity
lifetime is obtained for both the β and α relaxations, in
agreement with deuteron NMR results on molecular liquids
[26]. This time scale is somewhat longer than the α relaxation
time, τhet (4.0 ± 0.5)τα . In the literature a wide range
of values has been reported from experimental studies,
with the results depending on the precise definition of τhet
and the experimental technique. In a recent survey of the
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