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Abstract. This paper analyzes molecular dynamics simulation results on the small-molecule glass
former ortho-terphenyl (OTP). The data can be described well using the coupling model of relaxation.
The dynamic susceptibility calculated from the density-density time correlation function is shown to
approximately conform to the scaling laws of mode coupling theory. Since the dynamic singularities of
mode coupling theory are absent in the coupling model, both approaches to high frequency structural
relaxation cannot be correct; the conformance to mode coupling theory indicates the non-uniqueness
of mode coupling theory interpretation of data from fragile liquids. The non-cooperative relaxation
time for density fluctuations in OTP is found to have the same activation energy as the shear viscosity
in the high temperature limit. This illustrates the relationship between microscopic dynamic variables
and the short time behavior of macroscopic properties, when the former are analyzed according to
the coupling model.
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Introduction
The two models most often employed to interpret the high frequency/short time
dynamics of glass forming liquids and polymers are mode coupling theory (Götze,
1991; Götze and Sjögren 1992) and the coupling model (Ngai, 1994; Ngai and
Plazek, 1995; Tsang and Ngai, 1996; Roland and Ngai, 1995, 1997; Ngai and
Roland, 1996). The application of mode coupling theory is presently limited to
very fast (ca. picosecond) dynamics, whereas the coupling model has more often
been utilized to address relaxation at long times (macroscopic behavior). The most
important distinction between the two models concerns the existence of critical
phenomena; i.e., dynamic singularities. Mode coupling theory, based on non-linear
coupling of density fluctuations in condensed matter, predicts a dynamical singularity, and consequent ergodic to non-ergodic transition, at a temperature lying
above the conventional glass transition temperature, Tg . The coupling model, on
the other hand, lacks any such critical phenomena, rather asserting only that the
relaxation rate slows down at times on the order of picosecond due to the influence
of intermolecular constraints.
In this paper we fit the coupling model to molecular dynamics simulations on
OTP (Lewis and Wahnström, 1994; Roland et al. 1995), to demonstrate that the
model can describe such results. Next, we analyze the data according to the prescriptions of mode coupling theory, in order to determine whether features predicted
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by mode coupling theory are present in data generated from the coupling model.
Finally, in an attempt to make a connection between microscopic and macroscopic
properties, we compare the temperature dependence of the non-cooperative relaxation time of the coupling model, as deduced from analyzing the OTP data, with
the limiting, high temperature viscosity behavior of OTP.
Results
COUPLING MODEL ANALYSIS
Especially at low temperature, vibrational motions contribute to the short time
dynamics. Neither the coupling model nor mode coupling theory address these
vibrational motions; hence, in the study of relaxations at low temperature, vibrational contributions must be introduced ad hoc. One assumption is that the relaxation and the phonon dynamics are independent, whereby the density-density correlation function can be expressed as the product of a vibrational and a relaxation
correlation function

C (t; Q; T ) = Cpho (t; Q; t)  Crel (t; Q; T );

(1)

in which Q is the wave vector (momentum transfer) and T the temperature. The
phonon contribution Cpho (t; Q; T ) is determined by the density of states of the
phonon normal modes (i.e., vibrational spectrum) (Kittel, 1963)

Cpho (t; Q; T ) = exp ,(Q2 W (t; T ));

(2)

where, if the phonons are harmonic throughout the temperature region of interest,

W (t; T ) = KT

2

Z

g(!)[1 , cos(!t)!,1



2

exp(~!=kT )



+ 1 d!;

(3)

where g (! ) is the frequency spectrum of the normal modes and K represents a
collection of constants. W (t; T ) decreases monotonically with time, leveling off
to a constant value. Correspondingly, at long time Cpho (t ! 1; Q; T ) assumes
the value exp(,Q2 W (T )), which is the well-known Debye–Waller factor (DWF).
To calculate the phonon contribution to the measured correlation function requires
determination of the phonon density of states. As a crude approximation, a Debye
spectrum (Kittel, 1963) can be employed,

gD (!)  !2 ;

! < !D ;

(4)

where gD (! ) = 0 for ! > !D . A temperature-invariant Debye frequency, !D , is
consistent with simulation data (Lewis and Wahnström, 1994). The abrupt cut-off
at !D leads to unreal oscillations at a few picoseconds in the correlation function,
which are eliminated by smoothing (Roland and Ngai, 1995; Roland et al., 1995)

gD (!)  !2 exp ,

!
!D

:

(5)
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Figure 1. Density-density correlation function for OTP; solid lines are the fits of Equations (1–8) to the molecular dynamics simulation results (Lewis and Wahnström, 1994; Roland
et al., 1995). At the three lowest temperatures, there is no relaxation over this time scale.

At low temperature (well below Tg = 243 K), no relaxation occurs over the
time scale of the molecular dynamics simulation data, so that Crel (t; Q; T ) remains
unity. The vibrational correlation function in Equation (1) is thus isolated from
the relaxational component, and Cpho (t; Q; T; ) can be determined from fitting the
OTP data for T  Tg . These results, with !D = 3:2  1012 rad/s and K =
1:8  10,27 s2, are represented by the curves corresponding to the three lowest
temperatures in Figure 1. The fit of Equations (2), (3), and (5) to the simulation
data is satisfactory, noting that the oscillations in the latter are an artefact of the
finite size of the simulation box (Lewis and Wahnström, 1994). In Figure 2 are
displayed (solid symbols) the best fit values for Cpho (t ! 1; Q; T; ) to the three
lowest temperatures and absolute zero.
At higher temperatures, approaching the glass transition temperature of OTP,
relaxation transpires, and the correlation function is no longer the simple product
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!1



Figure 2. The long time limiting value of the phonon correlation function determined from
) and high temperature (
) simulation data. The solid line represents
fitting low (
extrapolation of the low temperature values, for which Crel (t; Q; T ) is unity. The actual
Cpho (t
; Q; T ) lie below this line, reflecting anharmonicity of the vibrational motions of
OTP.

of a constant (i.e., Crel (t; Q; T ) = 1) times the phonon function. Without deconvolution of the vibrational and relaxation components, no rigorous interpretation of
experimental data is possible (Ngai and Roland, 1997a). A simple expedient is to
use Equation (3) to extrapolate the lower temperature results. Although this “harmonic approximation” has been used previously (Colmenero et al., 1993, 1994;
Zorn et al., 1995; Ngai et al., 1995) to give at least qualitatively satisfactory results,
it is clear (see, for example, Kartini et al., 1996) that deviation of the DWF from the
low temperature behavior can be expected above Tg . The error inherent to the use of
the harmonic approximation can be shown to be relatively small (Ngai and Roland,
1997c); nevertheless, there is uncertainty in any extrapolation of Cpho (t; Q; T ) to
very high temperatures. Accordingly, for higher temperatures we take the mag-
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nitude of the DWF to be a parameter adjusted to improve agreement between
calculation and experiment.
To describe the relaxation process prevailing at elevated temperatures, we use
the coupling model. The model assumes relaxation is initially intermolecularly
non-cooperative. This means the relaxational correlation function can be described
as Debye relaxation

Crel (t; Q; T ) = exp ,

t
0

:

(6)

In condensed matter, intermolecular interactions build up over time, resulting in
unbalanced torques and forces being exerted on the relaxing species. According to
the coupling model, this causes a transition from the initially uncorrelated motion
to intermolecularly cooperative dynamics at long times. A form for the correlation
function when intermolecularly cooperativity (“crowding coupling”) is manifested
is

Crel (t; Q; T ) = exp ,

t


:

(7)

The stretch exponent is related to the coupling parameter, n, as = 1 , n, where
n is a measure of the strength of the intermolecular constraints. Strong (weak)
crowding coupling implies larger (smaller) n, within the bounds 0 < n < 1.
The coupling model assumes that the transition from Equation (6) to Equation (7)
occurs at a temperature insensitive time t = tc . Continuity of these two equations
then yields

  = (tc ,1 0 )1= :

(8)

Equation (8) represents the most important result of the model, in that it enables the
non-cooperative relaxation time prevailing at short times (t < tc ) to be calculated
from knowledge of the macroscopic relaxation time,   . Generally, only the latter
can be directly obtained from experiment. Much use has been made of Equation (8)
in predicting and accounting for the time and temperature dependencies of polymers
and other glass-forming liquids (Böhmer et al., 1991; McGrath et al., 1992, 1995;
Ngai and Platzek, 1995; Ngai and Roland, 1993a, 1993b, 1995; Ngai et al., 1992;
Roland 1994, 1995; Roland and Ngai, 1991, 1992a, 1992b; Roland et al., 1994,
1996; Santangelo et al., 1993).
The higher temperature OTP data were fitted to Equations (1–8) by variation of
the parameters K (i.e., the DWF), and 0 . The latter values in turn determine   via
Equation (8). The crossover time, at which the relaxation transitions from simple
(Equation (6)) to stretched exponential (Equation (7)), is known experimentally
(Colmenero et al., 1993, 1994; Ngai et al., 1995; Roland and Ngai, 1996) to be in
the range of picoseconds. We choose tc = 2  10,12 s, recognizing the shape of
C (t; Q; T ) to be insensitive to small changes in the value of the crossover time.
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Table I. Fitting parameters for OTP density-density correlation function.

T (K)

Debye–Waller Factor

74
84
101
205
266
275
291
305
318
400

0.891
0.880
0.849
0.679
0.603
0.607
0.598
0.560
0.562
0.484

  (psec)
–
–
–
–
5000
320
98
57
15
3.4

–
–
–
–
0.50
0.52
0.55
0.58
0.625
0.75

Displayed in Figure 1 are the fits of Equations (1), (2), and (5–8) to the densitydensity correlation function of OTP for temperatures at which relaxation contributes. The values of the DWF, Cpho (t ! 1; Q; T; ), cooperative relaxation
times,   , and the stretch exponents, , are listed in Table I. In Figure 2 the best-fit
DWF (hollow symbols) are compared to the harmonic approximation (extrapolation of Equation (3)), which predicts a linear relationship between the logarithm
of the DWF and temperature. The actual DWF are lower, reflecting anharmonicity
of the vibrations; that is, the amplitude of OTP’s phonon motions increases with
increasing temperature more than that of a harmonic oscillator.
In Figure 3 the temperature-dependence of the non-cooperative relaxation times,
0 , is shown to be approximately Arrhenius, with an activation energy equal to
3.9 kcal/mole. This behavior is quite different from that of   , which herein, as
well as generally, exhibits a Vogel–Fulcher (or WLF) temperature dependence
(Ferry, 1980)
MODE COUPLING THEORY ANALYSIS
We now carry out a mode coupling theory analysis of the OTP data described in the
previous section. According to mode coupling theory, the dynamic susceptibility
should obey the scaling law (Götze, 1992)

00 (!) = j00min j1=2 00 (!=!min );
(9)
in which 00 / (T , Tc )1=2a and !min / jTc , T 1 j2a . The quantities a and b are
min

material dependent parameters of the theory. The dynamic susceptibility can be
calculated from the transform of the structure factor data in Figure 1

00 (!) =

!
2

Z1
0

C (t) cos(!t) dt:

(10)
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Figure 3. Non-cooperative relaxation times determined from fitting the data in Figure 1,
yielding the indicated value of the activation energy for OTP.

We construct a mastercurve by scaling the susceptibility curves for each temperature
both horizontally and vertically, in order to superimpose the minima (Equation (9)).
As seen in Figure 4, the superpositioning is mediocre for frequencies more than a
factor of 2 away from minimum. The mode coupling theory exponents a and b are
then obtained by fitting the data in Figure 4 to the interpolation formula (Götze,
1992; Wuttke et al., 1994; Li et al., 1992a, 1992b)

00 (!) = 00min [b(!=!min )a + a(!min =!)b ]=(a + b):

(11)

These exponents are not freely adjustable, but rather are related according to

 = ,2 (1 , a)=,2 (1 , 2a) = ,2 (1 + b)=,(1 + 2b);

(12)

where , represents the gamma function. As seen by the solid line in Figure 4, the
low frequency side of 00 (! )=00min is well described by Equation (11); however,
there is substantial deviation on the high frequency side of the peak. The obtained
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Figure 4. OTP susceptibility mastercurve in the vicinity of the minimum, calculated from the
transform of the data in Figure 1. The solid line is the fit to Equation (11) with the constraint
of Equation (12), yielding a = 0:30 and b = 0:55 for these parameters of mode coupling
theory. Neglecting this constraint, the best-fit to Equation (11) (dashed line) yields a = 0:45
and b = 0:50.

values for the exponents are a = 0:30 and b = 0:55. If we let these parameters a
and b be freely adjustable (i.e., neglecting the adherence to Equation (12) required
by mode coupling theory), the resulting best-fit values of a = 0:45 and b = 0:50
only somewhat improve the fitting.
Mode coupling theory predicts a dynamic singularity at the critical temperature
Tc . For temperatures above Tc, the theory makes the following predictions about
the scaling of the susceptibility

00
(T , Tc )1=2 / min
a :
!min

(13)

In Figure 5 we plot the values deduced for 2min (Figure 4) versus temperature,
obtaining a straight line (dashed curve) whose intercept gives Tc = 267 K. This
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Figure 5. Temperature dependence of (!min )2a (
) and of (min )2 (
), using for the
former the value of the exponent, a = 0:30, determined from the constrained fit (Equations (11)
and (12)) in Figure 4. Extrapolation yields the indicated values of mode coupling theory’s
critical temperature (“dynamic singularity”) for OTP.

result is close to the value deduced from the temperature dependence of the DWF
2 versus temperature
(Lewis and Wahnström, 1994). On the other hand, a plot of !min
(dotted line in Figure 5) extrapolates to a critical temperature of 218 K. This
contradicts the Tc obtained from the 2min as well as being below Tg . Thus, the
mode coupling theory approach does not give a self-consistent analysis of the OTP
data.
The susceptibility minima curves in Figure 4 are qualitatively similar to quasielastic neutron scattering results for OTP (Petry et al., 1991; Kiebel et al., 1992).
A analysis of the latter using mode coupling theory was carried out; however,
the limitations of the data and/or of the theory prevented self-consistent values to
deduced for the parameters a, b, and Tc . We also point out that the present failings
of mode coupling theory – that is, the poor scaling in Figure 4 and the inconsistent
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determinations of Tc in Figure 5 – mimic those seen in neutron and light scattering
of glycerol (Wuttke et al., 1994) and light scattering on B2 O3 (Brodin et al., 1996).
In the case of glycerol, deviations between experiment and mode coupling theory
were tentatively ascribed to the network character of the hydrogen bonded liquid;
for OTP, however, recourse cannot be made to such an explanation. An obvious
inference from Figures 4 and 5 and these previous results is that approximate conformance of experimental data to scaling laws cannot serve as verification of mode
coupling theory.
VISCOSITY
We expect the short time density-density fluctuations, as revealed here from molecular dynamics simulation data, to underlie other dynamic variables, both microscopic (molecular length scale) and macroscopic (conventional spectroscopic frequencies); that is, there should be a connection between the short and long time
properties. A commonly measured macroscopic dynamic variable is the shear viscosity,  . In the manner detailed above for density fluctuations, according to the
coupling model the viscous relaxation can be decomposed into a fast process

C (t) = exp ,

t
0

!

(14)

for t < tc , and an intermolecularly retarded process

C (t) = exp ,

t


!1,n

(15)

for t > tc . Very often the Stokes–Einstein relation,  (T ) /  (T )=T (Vilgis, 1994),
is used to relate the respective temperature dependencies of the structural relaxation
time and the viscosity. However, the length scale (or q -dependence) associated with
the two quantities is by no means the same, calling into question the validity of
such a relation. Instead we can compare the activation energy determined for the
non-cooperative relaxation time 0 at Q = 1:94,1 È,1 (Figure 3) directly with the
temperature dependence of the viscosity. To be valid, the latter must correspond to
time scales coinciding with that of 0 ; i.e., be less than the crossover time of a few
picoseconds.
The viscosity of OTP has been reported over a wide range of values, with 
reaching as low as 10,4 Pa-s (Friz et al., 1968; Greet and Magill, 1967). The
temperature dependence of the viscosity is displayed in Figure 6, indicating near
Arrhenius behavior above about 500 C. From the asymptotic slope of Figure 6, we
deduce an apparent activation energy of 4.3 kcal/mole. This is approximately equal
to that determined above (Figure 3) for the non-cooperative relaxation process,
EA = 3:9 kcal/mole.
This near equivalence of the respective activation energies for density fluctuations and the viscosity can be reconciled from the coupling model. We make use
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Figure 6. Viscosity of OTP (taken from Vilgis, 1994; Friz et al., 1968), whose limiting high
temperature behavior yields an activation energy equal to 4.3 kcal/mole. The horizontal dashed
lined denotes the viscosity for which  = 2 picoseconds (based on the Maxwell relation).
This time corresponds to the crossover time, tc , for the onset of intermolecular cooperativity.

h i

of the Maxwell relation, 
defined as

h i =

Z1

C (t) dt:

= G1h i, to estimate the viscosity relaxation time,
(16)

0

Ignoring the weak temperature dependence of OTP’s glassy modulus, we take
a value of G1 = 2:2  109 Pa (Plazek et al., 1994), and calculate an average
viscosity relaxation time. The horizontal dashed line in Figure 6 corresponds to
the viscosity for which h i = 2 ps; hence, below this line, the h i are less than
tc, the crossover time of the coupling model. Under this circumstance, the fast
viscous relaxation (Equation (14)) dominates the viscous response, whereby h i
is well approximated by 0 . Since both 0 and 0 for density fluctuations are (by
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definition) free of cooperative effects, their activation energies should be nearly
the same. The fact that this is indeed the case (cf. Figures 3 and 6) demonstrates a
consistency between the fast dynamics of density fluctuations, as analyzed using
the coupling model, and the viscosity at high temperatures.
This situation appears to be a general feature of glass-forming liquids. For
example, in both glycerol (Roland and Ngai, 1997) and methanol (Ngai and Roland,
1997b), 0 for density fluctuations deduced from the short time data is found to
have the same activation energy as the shear viscosity, when the latter is measured
at temperature sufficiently high that h i is of the order of picoseconds. Thus, the
coupling model provides a theoretical bridge between the macroscopic properties
commonly probed by experimentalists and the short-time dynamics, which are of
fundamental import.
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