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Extended model for the interaction of dielectric thin films with
an electrostatic force microscope probe
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To improve measurements of the dielectric permittivity of nanometric portions by means of Local
Dielectric Spectroscopy (LDS), we introduce an extension to current analytical models for the
interpretation of the interaction between the probe tip of an electrostatic force microscope (EFM) and
a thin dielectric film covering a conducting substrate. Using the proposed models, we show how
more accurate values for the dielectric constant can be obtained from single-frequency measurements
C 2015 AIP Publishing LLC.
at various probe/substrate distances, not limited to a few tip radii. V
[http://dx.doi.org/10.1063/1.4937136]

INTRODUCTION

The demand for electronic device miniaturization and
the employment of nanostructured materials tailored to
achieve diverse mechanic, electronic, optoelectronic, or
magnetic properties1 motivate the development of electric
characterization tools capable of probing nanometer sized
volumes of conducting, semiconducting, and even insulating
materials, for example, oxide layers or dielectrics in nanocapacitors.2 These studies can be performed by scanning probe
techniques like electrostatic force microscopy (EFM), where
a sharp conducting tip of an atomic force microscope (AFM)
is used essentially as a local electrostatic sensor,3 being routinely capable of lateral resolution of 20–30 nm (see, e.g.,
Ref. 4). Along with efforts to improve such resolution down
to the sub-10 nm level,5 there is the need for more quantitative measurements that address spreading resistance,6 contact potential,7 or the dielectric constant.8 Current analytical
models describing the EFM signals for dielectric layers deposited on metallic substrates are limited to substrate/tip distances smaller than the apical radius of the tip.9,10 However,
for dielectric films much thicker than the apex radius, as well
as operation with open-loop distance feedback such as liftmodeTM,11 it is not easy or even possible to perform measurements within such limits. Moreover, to obtain quantitative
determination of the dielectric constant, it is necessary to
measure electrostatic interaction at various tip/sample distances,8 which is not easy from the experimental point of view,
especially when substrate/tip distances must be kept below
the apex radius, or when using tips with very small radii. For
the above practical reasons, modeling of electrostatic interactions at tip/sample distance larger than several tip radii is
required. Notwithstanding such difficulties, quantitative
measurements of the dielectric constant in oxide layers or
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polymer films based on scanning probe techniques have been
performed over the past few years. Some examples are measurements of nanoscale impedance8 and electrostatic force
microscopy.9,12,13
The most accurate way to describe electrostatic tip/sample interaction, and hence the capacitance, of realistic scanning probe systems is by numerical modeling;9,13 however,
this method is quite complex, time consuming, and not suitable for fitting multiple datasets, like distance-dependent signals or dielectric spectra. In particular, by local dielectric
spectroscopy (LDS),14 a scanning probe spectroscopic technique based on EFM, the frequency dependence of the
dielectric relaxation function e*(X) of ultrathin polymer
films can be determined, and a number of relaxation processes in glass forming systems can be characterized.14–16
Even though the determination of the dynamics can be quantitative and accurate with this technique, to the best of our
knowledge there are no reports of reliable absolute values
for the dielectric function from LDS or other EFM techniques by using analytical models.
In this work, after providing a general description of the
principles of EFM measurements, we present an overview of
current EFM analytical models for the case of dielectric thin
films, and propose an extended model that better describes
EFM and LDS results over a wider tip/substrate distance
range. The model has been validated on an ultrathin film of
poly(vinyl acetate) (PVAc), allowing measurement of its
dielectric constant with improved accuracy.
GENERAL GROUNDS

To understand the basic principles of LDS, it is useful to
compare it to a standard technique for the electrical characterization of materials, namely, impedance or dielectric spectroscopy.17 In dielectric spectroscopy, generally a thin sheet
of the material under study is contained between two metal
plates, forming a parallel plate capacitor. In the approximation that the electric field is homogeneous inside the assembly and that border effects can be neglected, the complex
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capacitance C*(X) at angular frequency X depends on the
dielectric function e*(X) of the material, as
C ðXÞ ¼ e ðXÞC0 ;

(1)

where C0 is the capacitance of empty capacitor having the
same geometry
C0 ¼ e0 A=d;

(2)

with e0 the permittivity of vacuum and A the electrode area
having a spacing d. If one were to measure the dielectric
function of a small portion of the sample, one of the capacitor
plates could be made smaller to reduce the area of the applied
electric field. The resulting impedance would therefore
increase, and the measured current would decrease below the
noise level of most ultralow noise preamplifiers; this makes
such measurements a challenging task.8 Furthermore, when
the size of the plate becomes comparable to the sample thickness, the assumption of a homogeneous field with negligible
border effects is no longer valid, and Eq. (2) cannot be used
to determine C0 and thus e*(X).
In the case of electrostatic force microscopy, the conducting AFM tip is maintained at a controlled distance from
a conducting substrate (Fig. 1), on which the dielectric layer
is deposited. The tip is supported on a flexible cantilever that
serves as the force sensor; detection of forces or their gradients are used to both determine the tip/surface distance
(topographic measurement) and to measure electrostatic
interactions in the lift mode. The dynamic cantilever behavior is customarily described by a simple harmonic oscillator,
with spring constant k and resonant frequency f0. The tip/
sample system forms a capacitor with a small electrode area,
whose geometry is different from simple parallel plates.
Instead, the tip geometry can be described as a cone with a
spherical apex, the latter being the part closest to the dielectric layer (Fig. 1). The difficulty of measuring a small current
is overcome in EFM by measuring instead the electrostatic
force between the two electrodes. This electrostatic force can
be determined precisely and is related to the electric impedance through the electrostatic energy Uel stored in a capacitor
C. In the case of a grounded substrate7 with potential V
applied to the tip, we have
1
Uel ¼ CV 2 ;
2

(3)

with the force in the parallel direction z in the case of a conserved potential V,7 is given by

FIG. 1. Sketch of the tip/sample system geometry (not to scale).

Fz ¼

1 dC 2
V :
2 dz

(4)

The most sensitive and high-resolution local measurements
obtained in AFM are by detecting the force gradient in the
approach direction dFz/dz.18 In fact, in spite of a lower signal-to-noise ratio, force gradients are more readily detectable, since they are proportional to the shift of the system
resonant frequency Dfres as
Dfres ¼ 

f0 dFz
;
2k dz

(5)

valid in the limit that oscillation amplitude is much smaller
than the characteristic decay length of the interaction at
hand.
The force gradient mode is also recognized to be the
main route for higher spatial resolution EFM19 and Kelvin
probe force microscopy (KPFM).5 In essence, the higher the
derivative order, the smaller the volume of material close to
the tip that can influence the measurement. This is a general
trend in scanning probe microscopy that finds application as
well in near-field optical microscopy.20,21
The main problem in extracting the value of the dielectric constant from force or force gradient measurements is
modelling the tip/sample/substrate interaction (and hence of
the system capacitance) for the relevant range of distances.
In principle, a reliable way to carry out such capacitance is
by numerical calculations;9,13 however, these are time consuming, and cannot easily be used, for instance, for simultaneous determination of the dielectric constant at many
different frequencies. An example in which an analytical
model is desirable is the case of LDS applied to study dielectric relaxation processes, and analyze local dielectric spectra
with proper relaxation functions, to thereby extract the relaxation time and shape parameters. This was carried out in
recent investigations of confinement and interfacial effects
on polymer dynamics.4,14,15,22,23 In the following, we present
an extended analytical model for EFM tip/sample/substrate
interaction with a wider range of applicability than previously adopted models.
EFM MODELS

A convenient and well accepted model to describe the
electrostatic interaction between a flat metal surface and a
conical metal tip with spherical apex is due to Hudlet et al.24
A variation for a parabolic apex that also takes into account
the effect of the cantilever was proposed by Colchero et al.19
Both models lead to analytical expressions for the electrostatic
force, F, along z, valid under a number of approximations. We
consider first the following expressions from Ref. 24


1
1
;
(6a)
FaH ¼ pe0 RV 2 
z z þ Rð1  sin h0 Þ

pe0 V 2 sin2 h0
H
FcH ¼ 
1
ln
z þ Rð1  sin h0 Þ
ðp=2  h0 Þ2

R cos2 h0 = sin h0
þ
;
(6b)
z þ Rð1  sin h0 Þ
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FHa and FHc are the two components of the force due,
respectively, to the spherical apex and cone terms,24 where R
is the spherical apex radius, h0 the cone half-angle, and H
the cone height.25 This expression is obtained by integration
over the tip surface of the electric force along z acting on the
surface charge located on the tip.
In the case of Colchero’s model (Ref. 19), the same
approach is used, but the above integration is performed on
the substrate surface instead of the tip. By adapting the calculations of the cone term in Ref. 19 to the case of a spherical tip in Ref. 24, the following expression is obtained:
 

pe0 V 2
H
c
ln
FC ¼ 
z þ Rð1  sin h0 Þ
ðp=2  h0 Þ2
!#
R cos2 h0 = sin h0
þ sin h0 1 þ
:
(7)
z þ Rð1  sin h0 Þ
Since the spherical apex term was not adopted in Ref. 19, its
expression is not available therein; thus, we assume the same
apex term of Ref. 24, i.e., FCa ¼ FHa. However, the two cone
contribution terms (Eqs. (6b) and (7)) calculated by integration
for the tip or substrate surfaces are different, so the same should
hold in principle for the two apex terms if calculated for the tip
or substrate surfaces, since the calculation method is the same.
This fact has the crucial implication that the total electric force
acting on the tip or substrate is not equal and opposite, as would
be required by Newton’s third law. This is a consequence of
the limitation due to approximations used in the models.
The effect of a dielectric layer covering the metal substrate was evaluated by Sacha et al.9 using numerical calculations. In a short distance range z  R, the addition of a
dielectric layer of thickness h  R(1 – sinh0) was found to
be well described by the expression of the force FM valid for
the bare metal, modified with an effective distance z þ h/e,
so that


1 0
pe0 R
C

(8)
FM ¼
V2;
2 stray z þ h=e
where C0 stray is a constant describing the contribution to the
force from farther parts of the probe (basically, the cone and
cantilever). By similar arguments, Gomila et al.10 proposed a
generalization of the apex term of Eq. (6a) to the case of
dielectric films, extending the distance validity range to
z þ h/e  R. The related force expression is


1
1
2

: (9)
FG ¼ pe0 RV
z þ h=e z þ h=e þ Rð1  sin h0 Þ
It can be observed that the latter expression reduces to
Sacha’s expression for h0 ¼ 0 and z þ h/e  R, apart from
the C0 stray constant term. The range of distance of the expression of Gomila was validated by comparison with numerical
simulations,10 and is also confirmed by the present work.
However, experimental results reported herein confirm that
these models are not always adequate to describe the effect
of dielectric films, for instance, when z þ h/e is not very
small compared to the apex radius or when the dielectric
film thickness becomes too large. The former condition is
instead likely whenever higher spatial resolution is pursued,
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since in such a case smaller tip radii have to be employed.
Also, when measurements of the distance dependence are
required, the model can only be applied up to a limited distance. Accordingly, the introduction of a cone term is necessary, with the contribution of the cantilever also being
considered;19,26 this is mainly the case for force mode, but
even for force gradient mode,19 as we show below. As an
illustration of this issue, Fig. 2 shows an example of the distance dependence of the tip apex and cone contributions to the
electrostatic force gradient for a metal tip and a metal surface
system, calculated using Hudlet’s model for typical experimental conditions. For distances less than the tip radius R, the
contribution of the apex clearly dominates, but a sensible contribution from the cone starts at z  R, equaling that from the
apex at z  3R, and becoming dominant at larger distances.
Thus, the contribution of the cone can be approximated with a
constant only at very small distances (z  R), while for larger
distances, its dependence on z needs to be taken into account.
For frequency modulation methods, the relevant quantity that determines the frequency shift Df is not the force but
its gradient (Eq. (5)). Using the expression for the electrostatic force due to Gomila et al.,10 for the case of a dielectric
film we obtain for the frequency shift (Eqs. (5) and (9))
"
#
DfG
f0
1
1
¼  pe0 R

2 :
V2
2k
ðz þ h=eÞ2
z þ h=e þ Rð1  sin h0 Þ
(10)
Starting from the approach of Hudlet,24 which takes into
account the term due to the cone, we can describe empirically the electrostatic force for a dielectric film in a similar
way, by replacing z with z þ h/e in both Hudlet’s expressions
(Eqs. (6a) and (6b)) to obtain for the apex the same expression as Gomila (Eq. (10)), and for the cone
FcEH

pe0 V 2 sin2 h0



H
1
ð1  sin h0 Þ
z
þ
h=e
þ
R
ðp=2  h0 Þ

R cos2 h0 = sin h0
;
þ
z þ h=e þ Rð1  sin h0 Þ

¼

2

ln

(11)

FIG. 2. Distance dependence of the frequency shift induced by a flat metallic
surface on an AFM probe composed of a hemispherical apex on a truncated
cone tip, calculated using the Hudlet model (Eqs. (6a) and (6b)), with
R ¼ 20 nm, h0 ¼ 0.3 rad, and k ¼ 2 N/m.
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where the subscript E indicates the extension to the dielectric
layer case. The cone term, as in Eq. (11), is proposed for the
first time.
Using Eqs. (5), (9), and (11), we can then derive the following expression for the frequency shift for a dielectric film
2
h
i
2
2
ð
Þ
R
1cos
h
sinh
=
p=2h
0
0
0
DfEH
f0
R
¼  pe0 4


2
V2
2k
ðzþh=eÞ2
zþh=eþRð1sinh0 Þ
#
sin2 h0
1

 :
þ
(12)
ðp=2h0 Þ2 zþh=eþRð1sinh0 Þ
This new expression, which is basically an “extended”
Hudlet model, although formally more complicated than
Gomila’s model considering only the apex (Eq. (9)), actually
depends on the same parameter set.
The same extension can be readily applied to the model
of Colchero,19 using Eqs. (5), (9), and (7)
2
h
i
2
2
ð
Þ
R
1

cos
h
=
p=2

h
0
0
DfEC
f0
R
¼  pe0 4
 
2
2
V2
2k
ðz þ h=eÞ
z þ h=e þ Rð1  sin h0 Þ
#
1
1

 :
(13)
þ
ðp=2  h0 Þ2 z þ h=e þ Rð1  sin h0 Þ
Motivated by the requirements of the action-reaction principle, we also derived an alternative model, similar to those
above, but based on a different assumption for the evaluation
of the electric field acting on the elementary surface charge.
Instead of a dihedral approximation, where a circular field
line is assumed to connect the two elementary surfaces on
the tip dAT and substrate dAS (Fig. 3(a)),19,24 a parallel plate
approximation is used, with the tip surface decomposed into
horizontal rings, lying in the plane orthogonal to z, whose
area dATP corresponds to the projection of dAT on the horizontal plane (Fig. 3(b)), and with the corresponding one on
the substrate, dASP, obtained by projecting the ring onto the
substrate surface. This model has the following implications:
(i) since the resulting field lines are along z and the top and
bottom areas are equal, integration on either tip or substrate
of the z-force yields the same value; and (ii) addition of a
dielectric layer exactly results in a reduction of the electric
field complying with the replacement of z with z þ h/e.
The main drawback of this “Straight” model is that the continuous tip shape is replaced by a large number of

FIG. 3. (a) Dihedral approximation and (b) parallel plate approximation for
the electric field lines.
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disconnected concentric rings, similarly to that shown in
Ref. 27 for the modeling the cone contribution made therein.
We have modeled the full tip (apex and cone) in this way,
and found that the apex term can be integrated exactly,
unlike in Refs. 19 and 24 where assumptions were needed to
express the apex terms in a treatable way. The resulting
expressions for our model are

1
a
2 1
FS ¼ pe0 RV

ð
z z þ R 1  sin h0 Þ


1
z þ Rð1  sin h0 Þ
 ln
;
(14a)
R
z
 

H
FcS ¼ pe0 V 2 tan2 h0 ln
1
z þ Rð1  sin h0 Þ

R cos2 h0 = sin h0
þ
:
(14b)
z þ Rð1  sin h0 Þ
We note that the apex term presents an additional logarithmic dependence, compared to the simpler previous expressions (Eq. (6a)); however, this result is analytical and does
not require additional approximations. The cone term turns
out to be similar to the one of Hudlet (Eq. (6b)), the only difference being the prefactor value.
After addition of the dielectric layer correction, the
expression for the frequency shift, needed to perform fitting
to data, is
"
DfES
f0
R
R½1  sin h0 
¼  pe0

2
2
2
V
2k
ðz þ h=eÞ
z þ h=e þ Rð1  sin h0 Þ

1
1= cos h0
:
(15)
þ
þ
z þ h=e z þ h=e þ Rð1  sin h0 Þ
In the following, we test the limits of applicability for these
four models (Eqs. (10), (12), (13), and (15)), by comparison
with experimental data measured on a metal substrate and on
an ultrathin dielectric film.
EXPERIMENT

EFM and LDS measurements have been carried
out using a Veeco Instruments11 MultiMode AFM with
Nanoscope IIIa controller, equipped with a Quadrex extender
module for phase-locked loop (PLL) frequency-modulated
operation. The Interleave mode of the Nanoscope IIIa allows
alternate tapping mode profiling of the sample, with the tip/
sample distance kept constant by a feedback control, and a
line scan performed in "lift mode," with the same profiling
repeated at a given lift height with disabled feedback control.
During the lift stage, the tip is elevated from the surface by a
given height, corresponding to the desired tip/sample distance, while a resonant oscillation amplitude of Alift ¼ 6 nmpp
is used to allow force gradient detection complying with
Eq. (5). An alternating voltage V(t) ¼ V0 cos(Xt) at frequency
X/2p (30 Hz in our case) is applied to the conductive tip,
with the metallic substrate connected to ground. LDS measurements herein were taken at a fixed position of the surface,
by setting the lateral scanning size of the AFM to zero.
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FIG. 4. SEM images of (a) small radius tip, R25; (b) large radius tip, R150.
Graphical estimates of the minimum and maximum tip radii are shown.

The voltage dependent force gradient produces a resonance frequency shift, Df (Eq. (5)), that is measured by the
PLL module during the lift stage. Coherent lock-in demodulation of such frequency shift oscillation is performed at the
second harmonic 2X, to avoid influence of any contact
potential difference between the tip and sample materials,15
using a double-phase lock-in amplifier. The frequency shift
data reported in the following correspond to the RMS amplitude of the frequency shift oscillation at 2X, induced by the
applied sinusoidal voltage. Such a measurement is proportional to the second derivative of tip/sample capacitance
d2C/dz2. Each data point, corresponding to a different tip/
sample distance, is pre-run by approaching the surface in
distance-feedback conditions, by employing the lift mode, so
that the effect of possible drift of the tip or sample position is
reduced during data acquisition. All measurements were performed in a low humidity environment (<4% RH) by means
of a sealed enclosure with desiccant and by flowing dry
nitrogen gas; the temperature was stabilized to T ¼ 25  C.
Polymer films are prepared on a metallic substrate
obtained by thermal evaporation of 30 nm of gold on top of
an adhesion layer of chromium (5 nm thick) previously
evaporated onto a glass slide. The poly(vinyl acetate)
(PVAc) had a molecular weight of 150 kg/mol and a bulk
glass temperature of 37  C. The ultrathin film had an average
thickness h ¼ 22 nm, obtained by spin-coating a 1% w/w

solution of the polymer in toluene. The sample was annealed
at T ¼ Tg þ 20  C (were Tg is the glass transition temperature) under moderate vacuum for one day to remove residual
solvent. The thickness of the PVAc film was measured using
AFM profiling of a scratch on the film, produced to expose
the substrate.
AFM probes of two different kinds were used in our
experiments. The first (“R25”) was metal-coated and had a
nominal apex radius 25 nm (NanoWorld EFM50, PtIr
coated), with nominal spring constant k ranging from 1.2 to
5.5 N/m, and resonance frequency in the range of 60–90 kHz.
The second (“R150”) was a conductive carbon probe of
nominal apex radius 150 nm (AppNano, DD-ACTA, amorphous carbon coated), with nominal spring constant k in the
range from 25 to 75 N/m and resonance frequency from 200
to 400 kHz. To verify their geometry and obtain reference
values of apex radius and cone angle, both probes were
imaged by SEM (Fig. 4). Cantilever spring constants were
measured using the thermal noise method28 implemented in
a Bruker DimensionIcon-PT AFM with Nanoscope V controller. The measured values of R, h0, and k are reported in
Table I, along with the measurement uncertainties. The resonant frequencies were determined to be 73.1 and 434.4 kHz,
respectively.
RESULTS

The four analytical models (Eqs. (10), (12), (13), and
(15)) are compared by acquiring force gradient vs. distance
curves and by fitting the analytical expressions to these data.
The comparison was performed over a broad range of tip
dimensions and tip/substrate distance because of the very
different apex radii, 25 nm and 150 nm, of the used tips, and
by taking the force gradient vs. distance curves over distances to about 400 nm, corresponding to several tip radii.
Functions used for the fitting procedures were as follows. To improve the applicability of the model of Gomila,
it was necessary to introduce an additional fitting parameter
cG, summed to DfG/V2 in Eq. (10), to take into account the
contribution to Df due to the part of the tip farther away from

TABLE I. Fit parameters for Df/V2 with the four models in the range 0 < z < 400 nm. (Modified Gomila’s model for R25 tip was obtained on the smaller range
(0 < z < 50 nm). The fit errors were unreasonably high and thus not reported.) All k values were obtained by constraining the result to lie within 610% of the
measured value. For Gomila’s model, the value of h0 was also constrained within the range from 0.1 to 0.6 to obtain a reasonable fit (subscript a).
Tip

Model

R (nm)

k (N/m)

h (rad)
a

cG (Hz/V2)

h1 (nm)

R25

Gomila (0 < z < 50 nm)
Hudlet
Colchero
Straight
Measured

50
13 6 20
18 6 2
35 6 2
25 6 3b

3.1
2.5 6 7
2.5 6 0.6
2.5 6 0.3
2.8 6 0.3c

0.1
0.7 6 0.5
0.12 6 0.16
0.61 6 0.03
0.31 6 0.06b

0.4
…
…
…
…

9
1.4 6 2
161
461
…

R150

Gomila
Hudlet
Colchero
Straight
Measured

220 6 130
200 6 90
190 6 90
250 6 50
150 6 20b

71.5 6 40
71.5 6 40
71.5 6 36
71.5 6 20
65 6 6.5c

0.1 6 0.6a
0.6 6 0.1
0.12 6 0.30
0.63 6 0.05
0.33 6 0.05b

(19 6 1)103
…
…
…
…

16.12 6 0.01
14 6 1
13 6 1
17 6 1
…

a

Constrained from 0.1 to 0.6
Obtained by SEM imaging
c
Obtained by thermal noise calibration
b
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the sample. Indeed, before introducing this parameter, no reliable fitting was possible using Gomila’s model (data not
shown). Since the force gradient has a steeper distance
dependence than that of the force, cG can be considered as a
first approximation for the cone contribution at small distance
values. Indeed, by comparison to the three extended models in
the case of z þ h/e  R(1  sinh0), the functional form of cG
can be obtained. For instance, in the case of Hudlet’s model
cGH  

f0 pe0 sin h0 ð1 þ 2 sin h0 Þ
:
2k ðp=2  h0 Þ2 Rð1  sin h0 Þ

(16)

A further fitting variable, h1, had to be introduced in all models, and summed to the distance z in order to take into
account any error in the tip/sample distance calibration of
the AFM. In this respect, h1 should: (i) remain the same for
different samples (e.g., bare metallic substrate and substrate
with dielectric film) measured with the same tip and cantilever, without altering AFM optical lever detection alignment,
and (ii) be smaller than the estimated distance calibration
uncertainty in our setup (h1  3 nm). Concerning the fitting
procedure, some of the fitting parameters can be fixed (for
instance, the polymer thickness h) or constrained to improve
fitting stability. In fitting to data measured on polymer films,
all parameters except e are fixed to the values previously
used for fitting to bare substrate data.29 In the following, for
the sake of brevity a detailed analysis of the fit results will be
carried out comparing Gomila’s model (Eq. (10)) and only
one of the extended models, namely, Hudlet’s one (Eq.
(12)). In the summary tables and the discussion, results for
all four models are presented.
Figs. 5(a) and 5(b) show the resonance frequency shift
RMS amplitude divided by the square of the applied voltage,
Df/V2 (solid points), as a function of the distance from the
substrate, for the case of the metallic substrate without
dielectric layer (h ¼ 0), using the probe R25. The solid lines
in Fig. 5(a) are the two fits of the modified Gomila model. In
Fig. 5(a), two fits are reported, the first obtained only by fitting to the data at small z (range of 0–50 nm), and the second
for a larger z range (0–350 nm). In both cases, h was set to 0,
meaning an absence of polymer film, and the parameter k
was allowed to vary only within the error determined by the
thermal noise method (2.5  k  3.1 N/m); this decreases the

uncertainty of the fit parameters. We found that the modified
Gomila model was not able to describe accurately the behavior of Df/V2 over the entire range of distances for probe R25,
with a clear deviation from the data observed. The best fitting parameters obtained in the small range of distance
(0 < z < 50 nm  2R), where the fit curve gives a reasonable
interpolation of data at least for the smaller distance values,
are listed in Table I.
The geometrical dimensions of the probe obtained from
the fit procedure for the smaller tip (R25) do not agree with
those measured directly by SEM (Table I). For example, the
apex radius obtained by fitting with the modified Gomila
model is twice that measured by SEM for probe R25.
Moreover, the z-calibration correction term h1 was higher
than the known uncertainty.
A second set of measurements was taken with the larger
tip (R150) (Figures 6(a) and 6(b)). In this case, the modified
Gomila model described well the frequency shift data
(Figure 6(a)); moreover, the values of geometrical parameters from the fitting agree with the experimental values
within the error, although they have a large uncertainty
(Table I). Such uncertainty depends inter alia on the correlation among some of the fitting parameters; by fixing some of
them during the analysis procedure the error could be substantially reduced. However, the latter procedure requires the
knowledge of the correct values of the parameters, and therefore was not adopted.
For a small enough tip/sample distance, the behavior of
Df/V2 vs distance can be reduced to a single power law dependence. This simple model was adopted in the literature,
especially when dealing with 3D objects such as nanoparticles.30,31 However, our attempts to use such simplifications
were unsuccessful for the larger distance range. As an example, a power law fitting of data is reported in Figs. 5(a) and
6(a), where discrepancy is obvious for the case of the smaller
tip. We stress that the focus of the present work is instead to
improve the description of data in the broader distance
interval.
Figures 5(b) and 6(b) show the test of the extended
Hudlet model (Eq. (12)) for the description of the frequency
shift obtained with both probes. We note that for the
extended model it was not necessary to add the constant cG,
thus reducing the available adjustable parameters by one

FIG. 5. Frequency shift oscillation amplitude divided by the square of the applied voltage as a function of tip/substrate distance for bare substrate (h ¼ 0) with
the tip R25. (a) Fitting with Gomila’s model (Eq. (10)) modified by the sum of a constant. Red: fitting curve on the reduced distance range (up to 50 nm);
Green: fitting curve on the extended distance range (up to 400 nm). A single power law fitting is also shown (dashed line). The value of the fitting exponent is
1.10 6 0.03. (b) Fitting with extended model (Eq. (12)) on the full distance range. Best fit parameters are listed in Table I.
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FIG. 6. Same of Fig. 5, but with the
R150 tip. The value of the exponent of
single power law fitting shown in (a)
by the dashed line is 1.57 6 0.02.

from the modified Gomila model. As shown in Figures 5(b)
and 6(b), the extended model described well the data over
the entire range for both the small (R25) and large (R150)
probes. Moreover, the best fit parameters (Table I) are in reasonable agreement with the actual dimensions of the probes.
To decrease the uncertainty of the fitting procedure, the parameter k was only allowed to vary within the error of its experimental determination. Thus, notwithstanding the reduced
number of parameters, the extended model (Eq. (12)) gives a
better description of the data than the modified Gomila
model, and yields more reasonable values for the probe
dimensions. Similar results were found also for the other two
extended models (Eqs. (13) and (15)), the parameters for
which are reported in Table I (figures not shown).
After geometrical parameters of the two probes were
determined from measurements on the metallic substrate, the
probes were used to measure frequency shift data on a 22 nm
PVAc film (Figures 7 and 8). The equations were used to
interpolate the data, with only one adjustable parameter, the
dielectric constant of the film, e; the other parameters were
fixed at the values previously determined for the bare substrate (Table I), and using the measured film thickness h. The
values of e determined using the EFM with the four different
models are given in Table II.
DISCUSSION

Notwithstanding the addition of the constant term cG,
the modified Gomila model gives a good description of the
data over a z-range up to 1–2 times R; that is, over the entire

z-range for the larger probe (R  150 nm) and over the range
of 0–50 nm for the smaller one (R  25 nm). On the other
hand, the extended models give a good description of the
data for both probes over the entire range of distances, as
expected since the introduction of the cone contribution
extends the range of applicability of the force models, even
though this reduces the number of free parameters compared
to the modified Gomila model. The goal of this work was to
assess the different models for their ability to estimate the e
of ultrathin polymer films. The values of e determined by the
four different models are listed in Table II. To verify their
accuracy, we can compare the values with the dielectric constant measured in the bulk using conventional dielectric
spectroscopy on the same material, or that estimated in ultrathin films in Ref. 13. The former is 3.4 6 0.3 (T ¼ 31  C and
frequency of 30 Hz) and the latter 2.9 6 0.3 (T ¼ 22  C and
d.c. measurement).
Considering measurements with the R25 probe, all
the models evaluated herein give satisfactory results in the
0 < z  50 nm range. The obtained values of e are in the
range of 2.9–3.0, in agreement with the known value within
the experimental error (Table II). Thus, these models give
comparable values of e when tested for a smaller range of
distances, z  2R, although the Gomila model (Eq. (10))
requires an additional fitting parameter (cG). Over the entire
range of distances, up to 400 nm, there is a trend towards the
bulk value for the modified Gomila model (only the apex
term), the Hudlet model (same apex and cone term integrated
on tip), the Colchero model (same apex and cone term integrated on surface), and the Straight model.

FIG. 7. Frequency shift oscillation amplitude divided by the square of the applied voltage as a function of tip/sample distance for R25 tip and 22-nm PVAc
layer on metal substrate. (a) Fitting with modified Gomila’s model. Red: fitting over reduced range (up to 50 nm); Green: fitting over the extended range (up to
400 nm). (b) Fitting with extended model (Eq. (12)). Red: fitting over the reduced range (up to 50 nm); Green: fitting over the extended range (up to 400 nm).
The fit parameters are listed in Table II. In the inset to panel (b), the contribution from the cantilever as calculated from the equation in Ref. 19 (blue dashed
line) and the equation in Ref. 27 (green solid line) is shown for comparison.
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FIG. 8. Frequency shift oscillation amplitude divided by the square of the
applied voltage as a function of tip/
sample distance for R150 tip and
22-nm PVAc layer on metal substrate.
(a) Fitting with modified Gomila’s
model. (b) Fitting with extended model
(Eq. (12)). Fit parameters are listed in
Table II.

TABLE II. Values of the dielectric constant obtained by the different models for different tip-sample distance ranges. For the R25 tip fitted by the modified
Gomila’s model, only the result for 0 < z < 50 nm is reported, since for the larger range fitting results were not meaningful.
Probe

Range (nm)

e (Gomila’s model)

e (Hudlet extended model)

e (Colchero extended model)

e (Straight extended model)

R25
R25
R150

0–400
0–50
0–400

…
3.0 6 0.1
2.3 6 0.1

2.5 6 0.1
2.9 6 0.1
2.2 6 0.1

2.7 6 0.1
2.9 6 0.1
2.3 6 0.1

2.8 6 0.1
2.9 6 0.1
2.3 6 0.1

The equivalence of the results from Gomila model and
the extended models is expected when tip/sample distances
of the order of R are considered. Indeed, the Hudlet extended
model is de facto an extension of Gomila’s for larger (z þ h/
e)/R ratios. The results presented herein confirm such an
extension for a distance up to more than 10R. The Hudlet
model underestimates the tip/sample force in comparison to
the Colchero and Straight models, as seen, for example, by
comparing the cone contributions, Eqs. (6b) and (7).32
Consequently, the value of e, which is proportional to the
polarization charges on the sample interacting with the tip, is
smaller when estimated using the Hudlet model.
For measurements carried out with the larger apex radius probe (R150), all models give a good qualitative
description of the frequency shift over the whole range of
distances, for both the polymer and the bare substrate
(Figures 6 and 8); they also provide equivalent values of e
within the experimental error. We notice, however, that the
found values of e are significantly smaller than expected.
This discrepancy could be due to the more irregular geometry of the larger tip, as visible by SEM imaging (Fig. 4), thus
deviating from the assumed spherical shape. Such irregularity cannot be described accurately using the present analytical models, thus introducing deviation from the description
of the electrostatic interactions.
Finally, we remark that the contribution from the cantilever to the force gradient is not included in any of the considered expressions. In fact, this contribution is generally
calculated to be smaller than that from the cone, becoming
significant only at larger distances than those considered
herein. Plotted in the inset of Fig. 7(b) is the cantilever contribution calculated from the models proposed by Colchero
et al.19 and Miccio et al.27 In the former case, the polymer
contribution has been introduced by replacing z with z þ h/e;
in the second case, it was included in the original derivation.
The calculation was carried out for a 20 nm dielectric film
with e ¼ 4.6–1.01i, and for a cantilever with k ¼ 2.8 N/m,
resonance frequency 70 kHz, length l ¼ 225 lm, width

28 lm, and cone height H ¼ 15 lm. We notice that the two
approaches give comparable predictions for the cantilever
contribution that from Ref. 27 being larger by about a factor
2 than that from Ref. 19. In both cases, it appears that the
contribution is negligible in the range of distance herein
considered.
CONCLUSION

Electric force vs distance curves for a 22 nm thick PVAc
film, measured by EFM using two AFM probes with different radius, were analyzed by application of four different
models, with the dielectric constant calculated. None of the
considered models provide a satisfactory estimation of e
from data measured using the carbon coated, larger radius
probe; the obtained value is about 25% too small. This
underestimate is ascribed to the fact that the irregularities
introduced by the carbon coating (evident in the SEM image
of the tip of Fig. 4(b)) are not represented by a model considering a spherical apex joined to a truncated cone. We also
conclude that, as expected, the equation proposed by Gomila
is accurate for the smaller probe only for tip/sample distances less than 2R, although to obtain reasonable fits an empirical constant term (CG) must be added to the frequency shift.
In order to improve the fits to larger distances, the model
must include a contribution from the force acting on the
cone, rather than considering only the apex. Note that adding
the cone contribution to the forces, and consequently to the
frequency shifts, reduces the number of free parameters
available in fitting the model to experimental data. In fact,
the constant term added to the apex contribution of the
Gomila equation is replaced by an expression for the cone
contribution that depends on the same parameter set than the
apex. Consequently, the extended models can describe data
over larger distances with one less free parameter. The three
extended models gave qualitatively good interpolation of the
experimental curves for the smaller tip radius over the full
range considered herein up to z/R  15. Regarding
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quantitative estimation of e, we note that the modified
Gomila equation gives similar values compared to the other
three models, when data are considered over a distance range
z/R < 2, while no fitting is possible whatsoever when the distance range is extended. Therefore, the proposed extended
models, taking into account the contribution of the cone, enable high spatial resolution with accurate quantitative results
for tips with very small R, without the necessity of restricting
measurements to extremely short tip/sample distances.
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